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ABSTRACT. It is intuitively plausible that some deviations from ‘i@tal” behavior are
caused by an incomplete appreciation of the future consegseof present choices. We
present a new theory of consumption that crystallizes ftitistion, yet is simple enough
to serve as a substitute for standard utility theory in mécomomic applications. The the-
ory is based on a model in which hedonic rewards and choieeslisiributed over time,
and hence is most appropriate for consumption of nondugdels. The model can cap-
ture psychological phenomena such as satiation, becadsaibeewards depend on both
present and past choices. Equilibrium behavior is definéuguke expectations of re-
ward conditioned on choice. Utility maximization resulthem a consumer fully takes
into account long-term dependencies between reward aridechfthe accounting is not
complete, then behavior may fail to maximize reward. Inipalar, if a consumer only
takes into account the immediate dependence between rewdrchoice, then his behav-
ior satisfies Herrnstein’s matching law. Maximizing and chiatig represent two extremes
of a spectrum of “matchimizing” behaviors, each of whichpedfied by a temporal ac-
counting function. In some cases, this function can be suizethby a single “rationality
parameter” that determines where the consumer lies on #utram between matching and
maximizing. A reinforcement learning algorithm is propd$er achieving the matchimiz-
ing equilibrium while adjusting overall expenditure toist a budget constraint. Con-
sumption rates are adjusted depending on the product oétverd and an eligibility trace
that retains a memory of past actions, as well as whetherdbeé ig more or less expensive
than average. Matchimizing is shown to be a steady stateedetirning algorithm in the
mean field approximation.

1. INTRODUCTION

The standard account of consumption found in textbooksdedban utility theory. Be-
havior is described by a consumption bundle, a vector cortghokthe amounts consumed
of each good. A consumer’s preferences are described bijtg futhction, which maps a
consumption bundle to a scalar. A consumer chooses the tigun bundle that maxi-
mizes the utility function.

Although widely accepted in economics, utility theory hasb difficult to confirm
using aggregate demand data [1, 2, 3]. At the same time, thenddence from labora-
tory experiments that animals and humansndbd maximize utility. Psychologists have
guantified the behavior of subjects making choices that feadwards. For a variety of
reinforcement schedules, behavior is well-approximagethe matching law, which will
be explained in detail later[4]. Assuming that utility isstsum of rewards over time,

Date Draft version of March 4, 2007.
IWhile modern economists tend to prefer ordinal to cardiniityy it is difficult to eliminate cardinal utility
in contexts when utility must be aggregated over time.
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matching is generically different from maximizihfp]. Outside the laboratory, there are
many behaviors that—at least on the surface—seem incensisith utility maximization.
Some have argued that addictive behaviors are also a fortiitf onaximization [6] (i.e.,
that substance abuse is rational self-medic3tidtiowever, it has also been proposed that
addiction is an unanticipated byproduct of matching bedrgv].

Intuitively, it is plausible that addiction and certain ethtypes of “irrational” behav-
iors might involve neglect of the future consequences ofad® at least to some extent.
Here we present a new theory of consumption that makes thiiam precise. The the-
ory encompasses both matching and maximizing, but alsaicena whole spectrum of
“matchimizing” consumption behaviors between these twoeenes.

Since our goal is to model partial neglect of future consegas, it is important to have
a model of consumption over time. In our model, both indieldchoices and hedonic
rewards are distributed over time. The notion of repeatesicels and rewards is most
appropriate for consumption of nondurable goods. Rewaggenid both on current and
past choices, which makes it possible to model psycholbgiEnomena such as satiation.

We show that the necessary conditions for a utility maximamloe expressed in terms
of the expectation of reward conditioned on choice, for aligible time lags between the
two events. This expression formalizes the idea that arl wessumer should take into
account the future as well as the immediate consequencésues.

However, it is reasonable to assume that in a complex simath actual consumer
might not fully take into account future consequences. &fuee, we will model actual
behavior by altering the necessary condition for a utilitsdimum, allowing for graded
accounting of different time lags between reward and chadicthe limit where the nonzero
time lags are neglected completely, this reduces to thehimgtdaw studied by psychol-
ogists. For more general temporal accounting functions,abtains a behavior that is a
hybrid of matching and maximizing, which is the reason far tbrm “matchimizing.”

In general, a matchimizing consumer is described by anestdimporal accounting
function. However, in two cases this function can be reduced single “rationality”
parameter. One case is when the temporal accounting funigti@s on the same value
for all nonzero time lags. The other case is when the rewaadpisrmutation symmetric
function of past choices. In both of these cases, the camditr matchimizing literally
interpolates between matching and maximizing, and thédimatity” parameter controls
this interpolation.

Since a matchimizer partially neglects the future consege®of choices, and this ne-
glect is quantified by a temporal accounting function, iis\pting to invoke the concept
of temporally discounted reward. However, it can be shovat thmatchimizer isiot a
maximizer of temporally discounted reward, in general &ppendix D).

Because our theory of consumption is based on the hedongegaences of choices,
it is natural to propose a dynamic theory of how the matchimgizquilibrium could be
achieved by a reinforcement learning algorithm. The baiga is that the consumer learns
from reward by updating a set of consumption rates at eadh sbep. The update rule is
based on an eligibility trace, which retains a memory ofetsent choices. If the eligibility

2There are special reinforcement schedules for which madcisi equivalent to maximizing, but this is not
generic.

3Testing utility theory is complicated by the fact that tyilis not directly measurable (there is no “hedonime-
ter”). Economists have responded to this difficulty by dreathe theory of revealed preference, which is based
on ordinal rather than cardinal utility. In experimentaldies of behavior like the ones mentioned above, all of
the choices available to the subject affect the probalmlityeing rewarded in a single common currency, such as
food. Therefore it is natural to identify utility with theted amount of food received over the entire experiment.
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trace remembers past choices very well, then maximizinglteslf the eligibility trace
forgets past choices immediately, then matching resutierd’is also a term in the update
rule that depends on whether the price of the good is greates®than average.

Finally, we conclude with a more philosophical discusstat £xplains how matchimiz-
ing is a challenge to the orthodoxy of marginalism, the ided subjective value is deter-
mined by marginal utility. For a matchimizer, subjectivéugis given by an interpolation
between average utility and differential utility. We explavhy this is psychologically
plausible for consumption that is distributed over time.

2. A MODEL oF HEDONIC REWARDS

The pleasure of eating an ice cream cone may depend on thestapsed since ice
cream was last consumed. Furthermore, the pleasure maydigmewhether another
good, such as chocolate cake, was consumed in the recentrpgsheral, the pleasure of
consuming a good depends on past consumption events. Siotyldependence will be
modeled through the equation

(1) R(t) =r(A@®),A{t—-1),..., At —W))
whereR(t) is the hedonic reward at time A (¢) is the consumer’s choice at timeand
At —1),...,A(t — W) are the consumer’s choices1at previous times. In Eq. (1),

reward is assumed to be a deterministic function of choiddsre generally, one could
define reward as a random variable drawn from a probabilgtridution conditioned on
choices. All of the mathematical results that will followrcaasily be extended to this
generalizatiorf.In principle, the function can be arbitrarily complexIt might model the
hedonic psychology of the consumer, capturing temporaké&ffsuch as satiation arising
from repeated choice of the same good. It could also modektyein which the world
provides rewards to the consumer.

3. A MODEL OF CHOICES

Each choice is assumed to correspond to selecting one gomdsfbasket ofV goods.
The N-dimensional binary vectoA (t) is defined b

Ai(t) = 1, ith good is consumed,
70, otherwise.

Note that choices are assumed to be mutually exclusive géesjood is consumed during
each time step. The model can also allow consumption of ngthiy including a good in
the basket that represents “consuming nothing” or “stagirtgpme.”

In general, human choices may have a very complex tempotaitste. However,
we will rely on a simple model in which successive choicesdaeavn at random from a

“Two further simplifications have been used to make the faemegasy to understand. First, time is modeled
in discrete steps. Second, reward is assumed to depend ise<lp toll” time steps in the past, but not further.
These simplifications are convenient, but not necessangeAgix A describes how the model can be generalized
to a Markov decision process, with an underlying state bgithat contains information about the past. The state
variable allows reward to depend on choices that were mdudeaaily far in the past. Furthermore, the Markov
decision process can be generalized to continuous tinferritan discrete time.

5An assumption about symmetry of the functiowill be used later to prove one mathematical result (see
Theorem 4), but our other results do not require this assompt

6z i for action, used here as a synonym for choice.
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probability distribution given by the vecter, i.e.,Pr[A4;(t) = 1] = p;. The probabilities
are nonnegative and satisfy the normalization constraint

(2 Zpi =1

This i.i.d. model of choice is admittedly simplistic. Hovesyit should be noted that
standard utility theory is even more simplistic, with ncetiraent of time whatsoever. The
i.i.d. model is one of the simplest ways of introducing tirméoia model of consumer
choice’

We will also assume that the consumer has a budget, and wkelthlspend money at
the ratem. This is an additional constraint on the consumption rates,

3) Z mipi = M
wherer; > 0 is the price of good.®

4. MAXIMIZING

The consumer experiences hedonic rewardauitity rate, defined as the time average

T
1
= lim — t
u(p) = Jim_ = ; R(t),
An equivalent definition utilizes an average over the chpibability distribution rather
than an average over time,

(4) u(p) = E[R(t)] = E[r(A(t), A(t = 1),... A(t = W))]

Note that the result of this average is independertt dlecause the probability distribu-
tion of the random variableA (¢), A(t — 1),... A(t — W) does not depend an In later
sections, it will be convenient to define further quantiissaverages over the choice prob-
ability distribution, but it should be kept in mind that thegn also be defined using time
averages.

Suppose that the consumer’s goal is to maximize the utdityw(p) with respect tg,
subject to the normalization constraint Eq. (2) and the btidgnstraint Eq. (3). Lagrange
multiplier arguments provide a necessary condition forilityumaximum:
©) 04— Xei+n

op;
The Lagrange multiplierd andy are chosen so that the two constraints are satisfied. The
necessary condition can be expressed in words through atensnt that “differential
utility” is a linear function of price'°

7In the continuous time limit, the i.i.d. model would becom@aisson process model in which the time
intervals between consumption of a particular good are difa@m an exponential distribution.

8In the simulations presented below the price of “stay-atvbgood is zero. However, this is not necessary
for our formalism.

9Strictly speaking, this is only true for the goods with nalmzeonsumptionp; > 0. The full formalism
requires the Karush-Kuhn-Tucker conditions, as discusségpendix B.

19 the standard theory, marginal utility is proportionalpiace. Here the extra additive constanfrises
from the normalization constraint (2). The difference kadw differential and marginal utility will be discussed
later.
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5. MATCHING

Maximization is a type of behavior that is expected of constmon the basis of utility
theory. Here we mathematically define another type of benaailledmatching There are
two motivations for considering matching. The first is ergail. it appears to describe hu-
man behavior better than maximizing in certain laboratogyegiments[8, 9]. The second
is theoretical: matching can be derived mathematicallyjnftbe assumption that humans
treat future rewards differently from immediate rewardettBof these motivations will be
discussed later.

To define matching, it is helpful to decompose the utiliteriato the sum ofomponent
utility rates

ui(p) = E[R(t)Ai(t)]
(Itis straightforward to prove = ). u, using the identity) . A;(t) = 1.) Thecomponent
utility rate u; can be called “the utility derived from goad, since it includes only the
rewards that were received at timeshen good was consumed:

We define “matching” behavior to be a set of consumption reaéisfying the condition

(6) Bt

In the next section we show that in the case of goods with gupids, Eq. (6) is reduced
to the original definition of matching. This resembles theassary condition (5) for max-
imizing, except that the differential utilit9u/Op; has been replaced by the average utility
per choice of good, defined by

Uj
() Pl E[R(t)|Ai(t) = 1]
The right hand side is the expectation®ft), conditioned on choosing goadat timet.
This formula, which relates the component utility ratesdaditional expectations, will be
used often below. The matching law can be summarized by #tensent that the average
utility is a linear function of price?

6. EMPIRICAL EVIDENCE FOR MATCHING

For the special case of goods with equal prices, the budgeti@ont (3) becomes iden-
tical to the normalization constraint (2), and the matcHhavg (6) reduces to

(8) Yi_ const

Pi
This is the original form of the matching law, which makes eference to prices or money.
It was introduced by psychologists to model data from expenits on animals and humans
making repeated choices between alternatives [4]. Thegl aseariety of experimental
paradigms, which differ in how the choices are presentebdsubject, and how rewards
are administered.

11Attributing a reward only to the good that was just consumexy iseem problematic. Strictly speaking,
reward is also a function of past consumption events (sed EdHdowever, it is psychologically plausible that
consumers make such attributions. For example, introgpetells us that the pleasure of eating an ice cream
cone is attributed to the ice cream cone, and not to the pokaps that were consumed an hour before. Note that
decomposing utility into parts is unconventional. In thenstard static theory, all rewards are aggregated into a
single utility function. But in our theory, rewards and ates are events that occur in time, which is why it is
possible to “pigeonhole” each reward to a single good.

12 ike Eq. (5) this is only valid for those goods with nonzermsomption rate. The generalization to “cor-
ner” solutions with both zero and nonzero consumption riatesalogous to the Karush-Kuhn-Tucker conditions,
and given in Appendix B.
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maximizing _ E[R(,)‘A](t)zl]
matching — E[R(1)[A,(1)=1]
. = E[R()A,(0)
_______ 4T - B[R A1)
a,-by T — E[R(1)]
00' 0.5 \1

b orp,
FIGURE 1. Reward schedule based on choice frequency. The blue and
green lines specify the reward obtained from choosingradtares “1”
and “2” respectively, as functions of the frequenigywith which “1”
was chosen in the pagt’ trials. The parameters shown arg = 0.35,
by = 0.05, ax = 0.8, andb, = 0.7. Depicted is the case where both
alternatives have “diminishing returns,” i.e., the rewémam choosing
an alternative decreases with the frequency of choosinglteenative.
Matching behavior is at the intersection of the blue andgtiees. The
dashed green and blue lines are the component utility rétdeonatives
“1" and “2" respectively, obtained when the alternatives ahosen by
tossing a coin with bia§;, p2) and the red curve is the total utility rate,
the sum of the two component utility rates. Maximizing bebais at
the peak of the red curve.

Research on the phenomenon of operant matching startedcad®60 [10, 4]. In the
1980s, Herrnstein, Prelec, and Vaughan[11] introducecperanental paradigm that con-
formed to the reward model of Eq. (1). An example reward sateefbr repeated choices
between two alternatives is depicted in Figure 1. Depenaliinghether the subject chooses
alternative “1” or “2” at timet, the subject receives a reward amount that is given by either
the blue or green line, respectively. The location on the ilfdetermined by the frequency
with which the subject chose “1” over the precedifigtime steps (horizontal axis). For in-
stance, suppose that the subject has chosen alternatifer 100 percent of the preceding
W trials. If the subject now chooses alternative “1” agaientheward:; — b, is received.

If the subject instead chooses alternative “2”, then rewarnd received. Both alternatives
exhibit “diminishing returns”: the more frequently theeattative is chosen, the less reward
it yields when chosen. Figure 1 shows that matching and makigare distinct behav-
iors for this reward schedule. However, the difference ioich probability between the
matching and maximizing solutions is not so large, and eeiththe difference in utility
rate.

Herrnstein, Prelec, and Vaughan showed how the paramétiesi@ward schedule can
be changed so that the difference between matching and rizixgiecomes very large. If
bs = —by is negative, then Figure 2 results. The slope of the greeridireversed, and the
lines become parallel. The reward for choosing alterndfivés greater (bya; — as — by
units) than the reward for choosing alternative “2,” irresfive of choice history. However,
rewards for both choices decline as a linear function of #regnt choices of alternative 1,
calculated over the previod¥ trials. Hence, choosing “1” exclusively yields — b, while
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matching — E[R(1)|A(1)=1]
a,+b, ( )‘A
(¢)
max ’ \ a, (1)
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Oo 0.5 1
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FIGURE 2. Reward schedule with a large separation between matching
and maximizing. As in Figure 1, the blue and green lines aeer¢éh
wards received from choosing alternatives “1” and “2” razpely, as a
function of past frequency of choosing “1.” The parameteeschnosen

so that the blue and green lines are parallel, with the bhee dlways
higher. Maximizing behavior is to choose alternative “2'tksively,

but matching behavior is to choose alternative “1” exclekiv

choosing “2” exclusively yieldss + b;. Choosing a mixture of both “1” and “2” yields
a total reward that interpolates between these two extréraddine). Although maximiz-
ing behavior is to choose “1” exclusively, human subjecfsdglly gravitate toward the
corner that minimizes reward rate [8]. In other words, husnamd to generate matching
behavior in this reward schedule, rather than maximizingteNhat here the maximizing
and matching behaviors are on the corners, rather than imthgor. Revisions of the
conditions (5) and (6) to accommodate corner solutions i@sngn Appendix B.

Not surprisingly, largef?” values push subjects closer to the minimizing corner. How-
ever, even withV = 1, fewer than one-half of the subjects “solve” the problem anoid
alternative 1. Other procedural details also affect theitigion of choices. For example,
providing a numerical rather than an analogue measure arceimnproves performance
[12], while stressing subjects with aversive images duttivegtask depresses it[13f

13Support for the matching law (8) originally came from anirstidies based on choices and rewards oc-
curring in continuous time, rather than discrete time, weitimcurrent variable-interval (V1) schedules of rein-
forcement. A VI schedule is programmed like a mailbox, dépasreward according to a response-independent
timer. As with a mailbox, the next response after deliverljects the reward. The reward timer pauses while the
schedule is baited, which creates some positive returneteased response rate. These returns are vanishingly
small, as the rates of responding are orders of magnitudeegréhan rates of reward [14]. The concurrent VI-VI
experiment does not sharply distinguish between matchidgreaximizing, because any distribution of respond-
ing across the two alternatives yields close to the maximueradl reward rate. A better contrast is presented
by concurrent variable-interval variable-ratio (VR) camdtions. The VR is a one-armed bandit, rewarding each
response with a fixed probability. On the VI, however, thebpataility of reward is, to a first approximation,
inversely proportional to choice frequency. Hence, mazation would require steady work on the VR, with
only an occasional check of the VI. However, matching (8fjmts that the subject will keep returning to the VI
until the probability of reward there is reduced to the saewvell that is set by the VR side. The data present a
somewhat mixed picture. One typically observes matchirigiith a slight bias toward the VR side, which is in
the direction of maximizing, but the bias is far from what Wbbe needed to maximize. This pattern holds for
both animal [5, 15, 16] and human subjects [17]. Overallfgrarance falls between matching and maximizing,
but is closer to the matching point.



FIGURE 3. The matching set is defined as the solutions of Eq. (10).
Shown is the example; /(m;p;) = (a; — bip;)/m;, for which the graphs

of uy/(m1p1) andus/(mep2) are planes, and intersect in a line. The
projection of this line into thép,, p2) plane is the matching set.

Experiments have also been performed with other rewardisibdg besides that of Fig-
ure 2, but yielded results that are more equivocal. Egelnhah @ised a reward schedule
with a long history dependenc8{ = 40) and observed a bimodal distribution of choice
frequencies, with some subjects close to matching andoihiermediate between match-
ing and maximizing [9]. Herrnstein et al. experimented vgtiorter and longer history
dependence, and found variable results across subjekt3[i@y also often observed be-
haviors that are intermediate between matching and makiqnitt is an interesting open
guestion whether such experimental results can be explaynéhe theory to follow.

7. MATCHING AND PRICES

Figures 1 and 2 gave a graphical depiction of the originathiag law (8). How does
this change when matching is generalized to incorporategyas in Eq. (6)? Suppose that
there exists a “stay at home” alternative “0” with zero imria¢elreward and zero price, so
thatuy = 0 andmy = 0 by construction. Then Eq. (6) for the “stay at home” alteirreat
yieldsy = 0. For all other alternatives> 0, the matching law Eq. (6) becomes

) Luwi

T Di
In words, the average utility per choice and per dollar isatdpr all goods with positive
price.

To consider a specific example, suppose that there are jest #ternatives, two with
positive price plus the “stay at home” alternative. Thenrttegching law takes the form
(10) dw 1w

1 P1 T2 P2
The solutions of this equation can be visualized by graphingip1) andus/(map2)
as functions of; andp,. The intersection of these two graphs, when projected o t
8
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FIGURE 4. Effect of prices on matching behavior. (a) solid lines are
the matching sets, for three prices of alternative “2": greg = 1; red,

m = 1.25; and black,m> = 2. Dotted lines are budget constraints for
the three prices. Circles are the matching solutions. (le)dépendence
of the matching solution on the price of alternative “2”. Bpat<";
green,preth Reward schedule is as in Figure 1 with a “stay at home”
alternative of zero price and immediate reward= 1.

(p1,p2) plane, will be called thenatching setlt contains all matching behaviors consistent
with a fixed set of prices and all possible expenditure rates* The intersection of the
matching set with the budget constrainip; + map2 = m yields matching solutions for
a particular expenditure rate. These intersections argtiited in Figure 3 for the special
case where; /p; is a linear function op; for all .

Changing the price of an alternative has two effects. Firshanges the corresponding
average utility per choice per dollar surface, which catisesnatching set to shift. Second,
it changes the location of the budget constraint. For exapthe matching set for three
prices of alternative “2” is presented in Figure 4a (solitek, greeng, = 1; red, my =
1.25; black, s = 2). The increase in the price of “2” shifts the matching sethia t
direction of less consumption of “2”. The budget constr&inthe three prices is depicted
here by three dotted lines. The larger the price of good 28, less can be consumed.
The intersections of the solid and dotted lines (circles)the matching solutions. The
consumption rates of “1” and “2” are graphed as functions-oin Fig. 4b. For smaller
o both rates decrease, i.e. the dominant effect of the primease is an overall drop in
consumption. For largers, the consumption of “2” goes down while the consumption of
“1" goes up, i.e., the dominant effect is a substitution offdr “2”. This suggests that in
a theory of consumption based on matching, changes in demaolste both an income
effect and a substitution effect. Both effects are fornlim standard utility theory using
the Slutsky equation.

14t is not the entirgp1, p2) plane that is relevant, but the set of nonnegativeindp. satisfyingp: + p2 <
1. The inequality follows from the fact that; + p2 = 1 — po by the normalization constraint, and the rate
of “staying at home” is nonnegative.
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8. DIFFERENTIAL UTILITY

We have defined two notions of equilibrium behavior for a eonser: maximizing and
matching. Maximizing is a basic tenet of utility theory, eheévidence for matching comes
from certain laboratory experiments. The matching law (e from maximizing (5)
only by the substitution of the average utilityy/p; for the differential utility Ou/0p;.
This is a hint that there is some deeper mathematical rektip between the two. To
understand this relationship, it will be helpful to derivibamula for the differential utility
that involves the statistical dependence of rewards orcelsoi

The differential utility Ou/dp; was defined by differentiation of the utility raigp)
without regard for the normalization constrayt, p; = 1.1% Taking the derivative requires
that the definition of utility rate be extended to all nonrn@gavectorsp, not just those
satisfying the normalization constraint. This extensisrmpossible for the definition of
utility rate given in Eq. (4). In the i.i.d. choice model, tipeobability of the action

sequence(t),a(t — 1),...,a(t — W) is ]'[z 1p1 =0 4(=7)  Therefore the utility rate
takes the explicit form

N
A e =) e ) riaalt -1 alt = W) [
i=1

a(t—W)

This quantity has an interpretation as an expectation vahlyefor normalized probability
vectorsp. However, it is also formally defined for vectors that are notmalized, so it
can be differentiated to obtaéh:/dp;. The result of the calculation is given by the follow-
ing theorem, which reveals that the differential utilityaives the statistical dependence
between reward and past choices.

Theorem 1. Suppose that rewards are a function of the present actionthadl” past
actions, actions are chosen i.i.d. from a probability distition p, and utility is defined as
in Eg. (11). Then the differential utility is given by the safitonditional expectations,

(12)

ZE At —7) =1]

apz 7=0

Proof. Applying 9/0p; to Eq. (11) creates a facth:‘f/:O a;(t — 7)/p; in the sum, so that

8pz ;)E{ pz_ )]

This implies (12), sinc&[R(t)|A;(t — 7) = 1] = E[R(t) Ai(t — 7)]/p;. O

By the theorem, the differential utility is the sum of the daional expectations
E[R(t)|A;(t — 7) = 1], which measure the statistical dependency of reward on past
choices. These expectations depend on the timerlagt not on the absolute timg
so that

E[R(t)|A;(t — 1) = 1] = E[R(t + 7)|A:(t) = 1]

15We use the term “differential utility” rather than “marginaility”, becausedu/9p; does not have a direct
economic interpretation. However, the difference of défeial utilities Ou/0p; — Ou/0p; has an economic
interpretation as the sensitivity of the utility rate to mifesimal substitutions of goadfor goodj. According to
standard utility theory, marginal utility is proportion@l price at the utility maximum. Here differential utilitg i
a linear function of price. The additive constanarises because of the normalization constraint on the.rates
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Therefore Eq. (12) can also be written as

(13) 3p1 ZE (t+ 1) A (t) = 1]

=0

which involves the statistical dependency of future reward the present choice. Com-
paring Egs. (12) and (13), we see that the differentialtytdan be written either in terms
of the future or the past: statistical dependence betweesept reward and past choices,
or between present choice and future rewards.

Substituting Eq. (13) into the necessary condition (5) tditymaximization yields

w
(14) S E[R(t+7)|Ai(t) =1] = i +

A similar expression involving past choices can be derivedibstituting Eq. (12) into
Eqg. (5). Either of these expressions allows the derivatiba sufficient condition for
equivalence of matching and maximizing.

Theorem 2. Suppose thatl’ = 0in Eq. (14), i.e., the rewar®(¢t) depends on the present
choiceA (t) but not past choices. Then matching and maximizing are atgrit.

Proof. If the reward doesn’t depend on past choices, then the donditexpectations
E[R(t + 7)|Ai(t) = 1] for 7 > 0 are all equal td&E[R(¢)]. Since these terms of the sum
(14) don't depend o, they can be subsumed in the constantThis implies that the
maximizing condition (14) is equivalent to the matching divion (6). O

By this Theorem, matching and maximizing are equivalenttiermulti-armed bandit
(if Eq. 1 is generalized to the case of stochastic reward)s iBhbecause the component
utilities are proportional to consumption rates, so tharage utility is the same as differ-
ential utility.

9. MATCHIMIZING

According to Eq. (14), a consumer can maximize utility, gikenowledge of the rela-
tionship between choices and rewards, as given by the ¢onditexpectationE[R (¢ +
T)|Ai(t) = 1]. ForT = 0, this is the relationship between choice and immediate nebwa
Fort > 0, this is the relationship between choice and future rewalids plausible that
humans may neglect at least partially the future conseassofchoices. Therefore we hy-
pothesize that consumer behavior would be better descboip€ti) if - > 0 were treated
differently fromr = 0,

(15) E[R(t)|Ai(t) = 1] +ZwT R(t+ 7)|Ai(t) = 1] = Am; +

The coefficientsov, will collectively be called theéemporal accounting functiorWe call
this new description of consumer behavior “matchimizinfgy’ reasons that will be ex-
plained below.
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10. INTERPOLATING BETWEENTWO ENDS OF A SPECTRUM

As an extreme case, suppose that the consumer ignores deinpie conditional ex-
pectations at nonzero time lag, = 0 for all 7 > 0, Fig. 5a. Then matchimizing reduces
to the conditionE[R(t)|A;(t) = 1] = Am; + p, which is equivalent to the matching law
(6) by Eq. (7). On the other hand, if nonzero time lags are idensd by the consumer
as equal in importance to zero time lag, = 1 for all 7, Fig. 5b, then matchimizing is
equivalent to the maximizing condition (5).

Therefore, matchimizing includes maximizing and matctasgpecial cases. Further-
more, matchimizing also includes behaviors that are a dydfnnaximizing and matching,
in a sense that is made precise by the following theorem.

Theorem 3. Suppose thatv, = « for all 7 > 0 with 0 < a < 1, and consider an
arbitrary reward function (1). Then matchimizing (15) iss@plent to the condition
(16) (1—oz)ﬁ—|—ozau =Am+p
Di Opi
Proof. Using Eq. (7) and the assumption abayiFig. 5c), Eq. (15) becomes

w
% +a) E[R(t+7)Ai(t) =1] = I + p
g T=1

From Eq. (13) and Eq. (7) it follows that

du  wuy V
- — = E[R(t Ai(t) =1
o 3 = 2 BUR(EE T = 1
Combining these two equations yields Eq. (16). O

As « varies from 0 to 1, matchimizing ranges from matching to mazing. For in-
termediate values af, matchimizing is a hybrid behavior in which a linear intelgimn
between average utility and differential utility appears.

The accounting function.- treated all nonzero time lags= 1, ..., W the same way,
but zero time lag differently. This is reminiscent of the thaelta” model that has been
proposed for temporal discounting of reward, witk- 1 [18]. However, a matchimizer is
notthe same as a maximizer of temporally discounted reward, @gplained in Appendix
D.

More complicated accounting functions (Fig. 5d) do not gelelead to the simple
linear interpolation form of (16), unless some further asggtion can be made about the
structure of the reward function.

Theorem 4. Suppose that the reward function (1) is symmetric under ptations of the
past actionsA (¢t — 1), ..., A(t — W), and consider an arbitrary accounting functian .
Then matchimizing (15) is equivalent to the linear integtimin form (16), with

T
o = W Z'LUT
t=1
Proof. Use the fact that the conditional expectatidig(¢)|A;(t — 7) = 1] = E[R(t +
T)|Ai(t) = 1] are equal for all- = 1,..., W, given the assumption of symmetry of the

reward function. Therefor@jﬁ‘;1 w; B[R(t+7)|Ai(t) =1 =« (ﬂ — ﬁ) 0

Ipi Di
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FIGURE 5. Temporal accounting functian, for various cases consid-
ered in the text, with the convention that = 1, and with maximum
time lagWW. (a) Matching (b) Maximizing (c) Theorem 3 (d) Theorem 4

11. REINFORCEMENTLEARNING

As defined above in Egs. (5), (6), and (15), matching, maingizand matchimizing
are equilibrium concepts. No account has been given of hosnawmer might arrive at
these equilibrium behaviors. Here we turn to an accountbaséleas from reinforcement
learning, in which an agent is assumed to learn from the cpreseces of its actions on
rewards[19, 20, 21]. Reinforcement learning is naturablose the equilibrium behaviors
of interest can be written using the conditional expecteBoR (¢)|A;(t — 7) = 1], which
measures the dependence of reward on choices.

In a reinforcement learning model, the consumer is assumethintain a set of con-
sumption rateg;. After every reward, the consumer updates the consumpdias.r A
desirable property for such an update rule is that it corevémgan equilibrium behavior,
such as matching, maximizing, or matchimizing.

The equilibrium concept of matchimizing is more generahttiee reinforcement learn-
ing model that will follow. 1t might also be possible to achéethe matchimizing equilib-
rium with other types of learning models besides reinforeshtearning [22]. It should be
stressed that reinforcement learning models are just greedfydynamical model compat-
ible with matchimizing.

12. LEARNING MATCHING

We first tackle the issue of a reinforcement learning algarifor matching. This is the
simplest case, and later will be generalized to matchirgiz€onsider the update rules

(17) Api(t) = 1p [R(t) (Ai(t) — pi(t)) — A(t)(mi — (t))pi(t)]

(18) AN(t) = <Z miAi(t) — m>

13



wherec(t) = >, mpi(t) is the expenditure rate, angl and, are parameters that con-
trol the rate of learning. The first update rule (17) govehes¢onsumption rates. It is
straightforward to show that this rule conserves the namatbn constraind ", p; = 1.
The update rule (18) governs the Lagrange multiplier

The update rules (17) and (18) are stochastic, since thetgioahe random variables
A;(t). A deterministic approximation to the update rules is atediby replacing the right
hand sides of (17) and (18) with their expectation values,

(19) Api = nppi (B[R(t)|Ai(t) = 1] = E[R(t)] — A(mi — ¢))
(20) AX = ny(c—m)

This is called themean field approximatianlt is often true that a stochastic dynamics
behaves qualitatively the same as its mean field appro>amatiowever, there can some-
times be important differences.

A steady state of the mean field approximation satisfies thgdt.constraint = m, as
well as

0= pi (B[R($)[Ai(t) = 1] — E[R(#)] — A(mi —m))
=p; (& —u—/\(m—m))

Di
for everyi. Thus, the goods with nonzero consumptipn,> 0, obey the matching law
Eqg. (6), whereu = uw — Am. Therefore matching is a steady state of the mean field
approximation to the stochastic dynamics (17) and (18)s $hggests (but does not prove)
that the stochastic dynamics has a stationary state thiatilaisto matching.

To investigate this possibility, we have performed nunasimulations of the stochas-
tic learning dynamics of Egs. (17) and (18). We used a rewehnédule like the linear
one discussed in Section 6 and Appendix C, except thereadsaathird “stay at home”
alternative with zero immediate reward and zero price. Elsalts of these simulations are
illustrated in Fig. 6, where we plot the probability of choapalternatives “1,” “2,” and
“stay at home” (red, black and blue solid lines respectivelyitially, the probabilities of
the three alternatives are equal, violating the budgettcainss. With time, the dynamics
converges to the expected matching behavior with the budtettraint satisfied. At time
t = 10%, the price of alternative “2” is decreased. This resultsicréased consumption
of that alternative at the expense of the “stay at home”étidre. In order to estimate the
quality of the mean field approximation, the probabilitiéstwoice, as calculated from Eqs.
(19) and (20) is depicted by the dotted lines. Deviationsiftbe mean field approximation
are expected to increase if the learning rate paramejgemdn,, are increased. Also, if
the simulation is run for very long times, the choice proliaés can become “stuck” at a
“corner” solution at which one alternative is chosen exelly. This is an absorbing state
for the stochastic dynamics, although it is not a steadg sththe mean field approxima-
tion. A detailed comparison of the mean field approximatiod the stochastic dynamics
is out of the scope of the present paper, and will be discusised/here.

13. RELATION TO OTHER LEARNING MODELS

The learning update rules (17) and (18) are related to a nuaflother previous learn-
ing models. If all prices are equal, thepn= ¢(t), reducing Eq. (17) to

Ap; = npR(t)[A;i(t) — pi(t)]
14
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FIGURE 6. Numerical simulations of the stochastic learning dyre@mi
of Egs. (17) and (18) for a reward schedule that is linear miahfre-
guencies. There are three alternatives: “1” (blue), “2&€gr), and “stay

at home” (black) with zero immediate reward and zero priche @y-
namics converges to the matching law with prices, Eq. (6).tihe

t = 10%, the price of alternative “2” is decreased, so its consump-
tion increases. The average utilities werg'p; = 0.35 — 0.05p; and
uz/p2 = 0.8 — 0.7p2 . The price of alternative “1” was; = 1.5. The
price of alternative “2” was, = 2.25 for the first half of the simulation,
andm, = 1.25 for the second half. The length of the history depen-
dence was3V = 3. The learning rate parameters wege= 1, = 0.01.
The desired expenditure rate was = 1. The initial conditions were
p; = 1/3andX = 0.

This model is known as the linear reward-inactidi;( ;) algorithm to computer scien-
tists [23] and Cross’ learning model to economists [20, Z4je steady state of its mean
field approximation is the original matching law (8) withquices. It is similar to the
melioration model of Herrnstein and Prelec [8].

Therefore, Eq. (17) can be viewed as the generalizatioredf th ; algorithm to prices.
Prices enter through the second term on the right hand sif®.0{17). Assuming that
the sign of the Lagrange multiplieris positive, this term biases behavior in the direction
of choosing goods with prices that are lower than the aveeagenditure:. This bias is
larger when the value of is larger.

The value of\ is determined by Eq. (18). According to the mean field appnation
given in the previous section, when the actual expendituielarger than the desired
expendituren, the value of\ increases to bias the learning towards less expensive goods
The opposite is true far < m. Thus Egs. (17) and (18) allow subjects to learn to match
while also conforming to the budget constraint.

The general idea of a dynamical system for the consumptioadlbuand the Lagrange
multiplier for the budget constraint was proposed by Arrowd @ollaborators as a model
for utility maximization by a consumer[25].

14. LEARNING MATCHIMIZING

The learning rules for matching contained the reward andcehat equal times. To
generalize them to matchimizing, the learning rules mustaia past choices as well as
15
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FIGURE 7. Learning to matchimize. Numerical simulations of the
probability of choosing alternative “1” in the stochasgafning dynam-
ics of Eg. (21) (solid line), and its mean field approximatigq. (22)
(dotted line) for the reward schedule described in Figuje (L= 0,
blue;y = 0.5, green;y = 0.95, red. The learning rate wag = 0.001.
The initial conditions werg; = 0.5.

the present choice. This is done by defining an “eligibiligce”
Ei(t) =vEi(t — 1) + Ai(t) — pi(t)

which “remembers” previous choices. The update rule forctresumption rates involves
this eligibility trace,

(21) Api(t) = np [R(E)Ei(t) — A(t) (mi — c(t))pi(t)]
The update rule fok remains the same, Eq. (18). The mean field approximation t@ Eq
is

(22)  Api~np <Z V7 (BIR(®)| A = 7) = 1] = BIR(O)]) = Al c>>
7=0

The steady state of the mean field approximation is matcimigiwith an exponential

accounting functionv, = ~7.

In order to study the validity of the mean field approximatiorthe stochastic dynam-
ics, we have performed numerical simulations of the staahdgnamics, Eq. (21) and the
deterministic approximation, Eq. (22). We used the rewattdule of Figure 1, disre-
garding the “stay at home” alternative and assuming thatvtloealternatives have equal
prices (Figure 7). When = 0 (blue), the matchimizing learning equations are the ;
equations, and mean field dynamics (dotted line) conveogbgtmatching solution. When
the learning ratey, is sufficiently small, the deviations of the stochastic dyies (solid
line) from the deterministic mean field approximation areaBmAs the value ofy is in-
creased (green;, = 0.5; red,y = 0.95) , the dynamics of the mean field approximation
converges to values that are closer to the maximizing valo#t€d lines). Note that the
larger the value ofy, the larger the deviations of the stochastic dynamics frieennhean
field approximation (solid lines). A detailed comparisortted mean field approximation
and the stochastic dynamics is out of the scope of the prpsgetr, and will be discussed
elsewhere.
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15. DISCUSSION

Equation (16) could be regarded as the central result optipger, and is worth repeating

here
U; ou
(1—a) P + ozapi

This equation includes both maximizing & 1) and matching4 = 0) as special cases.
The equation was derived theoretically by using a model ofsamption over time to
write the necessary condition (14) for maximizing behawoterms of the conditional
expectation of reward on previous actions. If the necessamngition is modified so that
future rewards are weighted differently than immediatearely then the matchimizing
condition (15) results. For two special cases, we provedrtadchimizing reduces to the
simple equation above, which involves a linear interpolatietween average utility and
differential utility. The interpolation parameter adjusts the balance of future rewards
and immediate reward in the consumer’s calculations. Tieali interpolation form of
matchimizing is potentially useful for reformulating magconomic theory to account for
deviations from “rational behavior,” with a parametethat serves as a “rationality index.”

The interpolation form of matchimizing can also be written a

=Ami+p

Vi=Ami+p

where thesubjective valu®f goodi is a linear interpolation between average utility and
differential utility,

U; ou
vi=a a)pi " “op;
The marginalist revolution in economics was the intellattmovement that established
the idea that subjective value is proportional to margirtdityy We see here that the
interpolation form of matchimizing can be interpreted agwa theory of subjective value.
To better understand the underpinnings of this new thebiy hielpful to derive a for-
mula for the difference between the differential utilitydeaverage utility. The utility rate
u can be written as the sum of components u;, or

U
u = ij—j
- pj
J
Taking the derivative and applying the product rule yields

ou u; 0 [ u;
23 -+ : <—J)
( ) Xj:pj O ;i

i i

This means that the differential utility is equal to the ags utility, plus a term that de-
pends on the change in the average utilities of all the goods.

To interpret the second term, let’s first consider the case sihgle good, and a con-
sumer who habitually purchases it at some pateThe utility derived from the good is
assumed to be the sum of hedonic rewards over time, as skettiég. 8. If averaged
over a long time period, utility is experienced at a rateOver short time periods like the
one shown, temporal structure is evident. Consumptionte\ae separated by time inter-
vals of lengthl/p. The hedonic reward from one consumption event/ig, represented
here by the area of the shaded rectangle, which is consistéman average utility rate of
u. The sensitivity of the utility rate to small changes in aomption, or differential utility
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FIGURE 8. A temporal stream of hedonic rewards.

as we call it, is equal to the average utility plus a resideiaht

du u d (u

(29 dpp +pdp (p)
This is because an increase in the rate of consumption affeetutility rate in two ways.
The primary effect is an increase in the number of units corexly which leads to the
first term. The secondary effect is a change in the hedonianceper consumption event,
which gives rise to the second term in the equation: i linear inp, i.e., if the hedonic
reward per consumption event is independent of consumpéits) the residual second
term vanishes, and the differential and average utilitesegual. In general, however, one
expects the hedonic reward to be a functiomof¥When hedonic reward per consumption
event diminishes with consumption rate, the residual tertheé equation above is negative,
which also means that the differential utility is less thiaa average utility.

The psychological assumption underlying matchimizinghiat tthe first and second
terms of Eq. (24) are quite different in terms of their mertadessibility. The ratia/p
is simply the hedonic reward per consumption event, andsgyeaccessible, because it
is attached to a single consumption event. In contrast,@bersl term measures how the
hedonic reward per unit will decrease if the consumptioa citanges. To appreciate this
term, a consumer would need to understand exactly the attensbetween two consump-
tion events separated in time.

Using Eq. (23), subjective value can be written as

U; 0 [wu;
25 Vi=—+a i (—J)
(23) Di ;p Op; \ pj

The parametear quantifies how much the consumer can take into account thendepce
of hedonic rewards on consumption rate.alf= 1, the consumer behaves rationally ac-
cording to utility theory, in that the subjective value of @ogl is given by the differential
utility. But o < 1 creates an “internality,” [12], which is to say, an unacdeuaihcausal
relationship between choices and total reward.

The presence of the internality is a necessary but not a murfficondition for subop-
timal behavior. If the second term in Eq. (25) is the sameseadl goods, then the first
order conditions for matching and maximizing coincide, aedlecting the second term
has no effect. If, however, the second term varies greattysacgoods (and especially if it
changes sign), then matchimizing can lead to grossly sirhapthoices. In particular, it
can promote the worst of all possible choice distributi@ssshown by Figure 2.
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APPENDIXA. MARKOV DECISION PROCESS

In the main text, we introduced the model (1) of history defesti rewards. This model
had the limitation that reward depends on choices U’ tiime steps in the past, but no fur-
ther. More generally, one can model the rewards as arisimg & Markov decision process
(MDP). The state of the MDP at timeeis S(¢). This state variable contains information
about the past, and allows history-dependence. The adtiohcontrols the probability of
transition from stat&(¢) to stateS(¢ + 1).

A(t—1) A(t)

-—8S(t-1) S(t) St+1)—---
The reward received at timeis a function of the state and the actiofiS(¢), A(¢)), and
is written for short ask(t). The model (1) is a special case of an MDP where the state
variableS(t) consists of théV past choiced\(t — 1),..., A(t — W).

If the actions of an MDP are chosen i.i.d., it becomes an argitMarkov process.
Under reasonable assumptions, the probability distidoudif S(¢) becomes independent
of the initial conditionS(1) ast — oo. In other words, the Markov process “forgets” its
initial condition, converging to a unique stationary dlattion. In that case, the Markov
process is said to bergodic Using methods described in [19], the mathematical results
derived using the simple model (1) can be generalized to e momplex MDP model
provided that ergodicity can be assumed. This assumptiaseful, because it implies that
time averaging is equivalent to averaging over the statiodstribution.

APPENDIXB. ALLOWING ZERO CONSUMPTIONRATES

In the main text, the necessary condition (5) was for theiapease of a utility max-
imum at which all consumption rates are positive. To allow tfte case where some
consumption rates are zero, one can use the Karush-Kuhreffcenditions

0
p; > 0and Y =Ami+pu

opi

or 5
pi=0and—— < \m; + pu

opi

for all 7. In words, the differential utility is linear in price for ewy good with nonzero
consumption, and less for all goods with zero consumption.
Similarly, one can generalize the matching law to includ® Densumption rates.
ws
pi > 0and— = \m; +
4

or

pi = 0and= < Am; +
2
for all i. The average utility is linear in price for every good withnzero consumption,

and less for all goods with zero consumption.

APPENDIXC. REWARD SCHEDULE BASED ON PAST CHOICE FREQUENCIES

In the paradigm introduced by Herrnstein, Prelec, and Vandhl], reward at time
is a function of the present choie(t), as well as the frequency of choices in the g&st
time steps

w
pilt) = 7 > At —)

1



This reward schedule is a special case of (1), and was latemedtby Montague and
collaborators [9, 26]. In particular, we will consider thase of two alternatives (“1”
and “27), and a linear function of the choice frequenciB$t) = A (t)[a1 — b1p1(t)] +
As(t)[az — bapa(t)]. The reward function can also be split into two cases,

R(t) - ay — blf)la if Al(t) = 1,
N as — bg]ﬁg, if Ag(t) =1.

If the subject chooses between alternatives 1 and 2 usidgdiiaws from the probability
distribution(p1, p2), then the conditional averages of reward are the same lfneefions
of p1,

E[R(t)[A1(t) = 1] = a1 — bips

E[R(t)[A2(t) = 1] = a2 — bap>
Therefore, this experimental paradigm maps nicely onto mathematical formalism,
since the frequency; and the probabilityp; become interchangeable. The lines are

graphed in Figure 1, for the case whexe > 0 andb, > 0. The dashed lines in the
Figure are

E[R(t)A1(t)] = p1(a1 — bip1)
E[R(t)A2(t)] = p2(az — bap2)
The sum of these two quantities is the total utility rate
E[R(t)] = a1p1 + azpz — bipi — bap3
drawn in red. The maximum of the total utility rate is attalrat
by + (a1 - ag)/2
b1 + b2
while the matching point (intersection of the blue and gri@ess) is

P1,max =

by + a1 — az

by + b2
Matching and maximizing are the sameif = ao, a special case called “matching shoul-
ders,” but generically they are distinct. Some experimeiitts human subjects have used
the “matching shoulders” case where matching and maximiaie the same [9, 26].

P1,match =

APPENDIXD. TEMPORALLY DISCOUNTED REWARD

The temporal accounting functien. in Eq. (15) is reminiscent of the temporal discount
function used by economists. The goal of this section is tawstihat matchimizing can
indeed be formulated in terms of temporally discounted rdwhut this doesiot mean
that a matchimizer is a maximizer of temporally discountedgard. If the order of the
expectation and the weighted sum is reversed, the matdnignéondition (15) takes the
form

(26) E[D(t)|Ai(t) = 1] = Am; + p
where the random variable
w
(27) D(t)=R(t)+ > w,R(t+7)
T=1
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is thetemporally discounted rewardn economics, it is standard to choose an exponential
discount functionw, = ™ and allow an infinite time horizoW — oc. It has also been
proposed that hyperbolic discount functions lead to a bd#scription of human behavior
[18].

Superficially, it seems that temporal discounting shoulgeteastrong effect on a utility-
maximizing consumer. But surprisingly, the expectatioluea of the discounted reward
and the reward are the same, up to a proportionality cort§tant

E[D(t)] = <1 +° wT> E[R(t)]

This means that maximizing the average of temporally distedireward is no different
from maximizing the average of reward.

Therefore, a matchimizer is generically distinct from a maxer of temporally dis-
counted reward. However, matchimizing can be explainedkasdof “erroneous” maxi-
mization using the following theorem.

Theorem 5. Suppose that the choick(t) is drawn from the probability distributiomp,
while all other choices are drawn from the distributigri. Now define the discounted
utility rate d(p, p’) = Ep »[D(¢)]. Then the matchimizing condition (15) is equivalent to
od
Opi
Proof. By the same arguments as in Theorem 1,
od A;(t)
Opi i
Substituting Eq. (27) yields the matchimizing conditio®)2 O

= AT+ p
p'=p

B [D(t) } — BD@AW) = 1)

According to the Theorem, a matchimizer tries to maximizedunted reward with
respect to consumption rates, but only calculates the aterévof the objective function
with respect to the probabilities of the current choice. Atchamizer makes the error of
neglecting the dependence of past and future choices orrdbhalpilities.
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