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ABSTRACT. It is intuitively plausible that some deviations from “rational” behavior are
caused by an incomplete appreciation of the future consequences of present choices. We
present a new theory of consumption that crystallizes this intuition, yet is simple enough
to serve as a substitute for standard utility theory in microeconomic applications. The the-
ory is based on a model in which hedonic rewards and choices are distributed over time,
and hence is most appropriate for consumption of nondurablegoods. The model can cap-
ture psychological phenomena such as satiation, because hedonic rewards depend on both
present and past choices. Equilibrium behavior is defined using the expectations of re-
ward conditioned on choice. Utility maximization results when a consumer fully takes
into account long-term dependencies between reward and choice. If the accounting is not
complete, then behavior may fail to maximize reward. In particular, if a consumer only
takes into account the immediate dependence between rewardand choice, then his behav-
ior satisfies Herrnstein’s matching law. Maximizing and matching represent two extremes
of a spectrum of “matchimizing” behaviors, each of which is specified by a temporal ac-
counting function. In some cases, this function can be summarized by a single “rationality
parameter” that determines where the consumer lies on the spectrum between matching and
maximizing. A reinforcement learning algorithm is proposed for achieving the matchimiz-
ing equilibrium while adjusting overall expenditure to satisfy a budget constraint. Con-
sumption rates are adjusted depending on the product of the reward and an eligibility trace
that retains a memory of past actions, as well as whether the good is more or less expensive
than average. Matchimizing is shown to be a steady state of the learning algorithm in the
mean field approximation.

1. INTRODUCTION

The standard account of consumption found in textbooks is based on utility theory. Be-
havior is described by a consumption bundle, a vector composed of the amounts consumed
of each good. A consumer’s preferences are described by a utility function, which maps a
consumption bundle to a scalar. A consumer chooses the consumption bundle that maxi-
mizes the utility function.

Although widely accepted in economics, utility theory has been difficult to confirm
using aggregate demand data [1, 2, 3]. At the same time, thereis evidence from labora-
tory experiments that animals and humans donot maximize utility. Psychologists have
quantified the behavior of subjects making choices that leadto rewards. For a variety of
reinforcement schedules, behavior is well-approximated by the matching law, which will
be explained in detail later[4]. Assuming that utility is the sum of rewards over time,1

Date: Draft version of March 4, 2007.
1While modern economists tend to prefer ordinal to cardinal utility, it is difficult to eliminate cardinal utility

in contexts when utility must be aggregated over time.
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matching is generically different from maximizing2 [5]. Outside the laboratory, there are
many behaviors that—at least on the surface—seem inconsistent with utility maximization.
Some have argued that addictive behaviors are also a form of utility maximization [6] (i.e.,
that substance abuse is rational self-medication3). However, it has also been proposed that
addiction is an unanticipated byproduct of matching behavior [7].

Intuitively, it is plausible that addiction and certain other types of “irrational” behav-
iors might involve neglect of the future consequences of choices, at least to some extent.
Here we present a new theory of consumption that makes this intuition precise. The the-
ory encompasses both matching and maximizing, but also contains a whole spectrum of
“matchimizing” consumption behaviors between these two extremes.

Since our goal is to model partial neglect of future consequences, it is important to have
a model of consumption over time. In our model, both individual choices and hedonic
rewards are distributed over time. The notion of repeated choices and rewards is most
appropriate for consumption of nondurable goods. Rewards depend both on current and
past choices, which makes it possible to model psychological phenomena such as satiation.

We show that the necessary conditions for a utility maximum can be expressed in terms
of the expectation of reward conditioned on choice, for all possible time lags between the
two events. This expression formalizes the idea that an ideal consumer should take into
account the future as well as the immediate consequences of choices.

However, it is reasonable to assume that in a complex situation an actual consumer
might not fully take into account future consequences. Therefore, we will model actual
behavior by altering the necessary condition for a utility maximum, allowing for graded
accounting of different time lags between reward and choice. In the limit where the nonzero
time lags are neglected completely, this reduces to the matching law studied by psychol-
ogists. For more general temporal accounting functions, one obtains a behavior that is a
hybrid of matching and maximizing, which is the reason for the term “matchimizing.”

In general, a matchimizing consumer is described by an entire temporal accounting
function. However, in two cases this function can be reducedto a single “rationality”
parameter. One case is when the temporal accounting function takes on the same value
for all nonzero time lags. The other case is when the reward isa permutation symmetric
function of past choices. In both of these cases, the condition for matchimizing literally
interpolates between matching and maximizing, and the “rationality” parameter controls
this interpolation.

Since a matchimizer partially neglects the future consequences of choices, and this ne-
glect is quantified by a temporal accounting function, it is tempting to invoke the concept
of temporally discounted reward. However, it can be shown that a matchimizer isnot a
maximizer of temporally discounted reward, in general (seeAppendix D).

Because our theory of consumption is based on the hedonic consequences of choices,
it is natural to propose a dynamic theory of how the matchimizing equilibrium could be
achieved by a reinforcement learning algorithm. The basic idea is that the consumer learns
from reward by updating a set of consumption rates at each time step. The update rule is
based on an eligibility trace, which retains a memory of its recent choices. If the eligibility

2There are special reinforcement schedules for which matching is equivalent to maximizing, but this is not
generic.

3Testing utility theory is complicated by the fact that utility is not directly measurable (there is no “hedonime-
ter”). Economists have responded to this difficulty by creating the theory of revealed preference, which is based
on ordinal rather than cardinal utility. In experimental studies of behavior like the ones mentioned above, all of
the choices available to the subject affect the probabilityof being rewarded in a single common currency, such as
food. Therefore it is natural to identify utility with the total amount of food received over the entire experiment.
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trace remembers past choices very well, then maximizing results. If the eligibility trace
forgets past choices immediately, then matching results. There is also a term in the update
rule that depends on whether the price of the good is greater or less than average.

Finally, we conclude with a more philosophical discussion that explains how matchimiz-
ing is a challenge to the orthodoxy of marginalism, the idea that subjective value is deter-
mined by marginal utility. For a matchimizer, subjective value is given by an interpolation
between average utility and differential utility. We explain why this is psychologically
plausible for consumption that is distributed over time.

2. A MODEL OF HEDONIC REWARDS

The pleasure of eating an ice cream cone may depend on the timeelapsed since ice
cream was last consumed. Furthermore, the pleasure may depend on whether another
good, such as chocolate cake, was consumed in the recent past. In general, the pleasure of
consuming a good depends on past consumption events. Such history dependence will be
modeled through the equation

(1) R(t) = r(A(t),A(t − 1), . . . ,A(t − W ))

whereR(t) is the hedonic reward at timet, A(t) is the consumer’s choice at timet, and
A(t − 1), . . . ,A(t − W ) are the consumer’s choices atW previous times. In Eq. (1),
reward is assumed to be a deterministic function of choices.More generally, one could
define reward as a random variable drawn from a probability distribution conditioned on
choices. All of the mathematical results that will follow can easily be extended to this
generalization.4 In principle, the functionr can be arbitrarily complex.5 It might model the
hedonic psychology of the consumer, capturing temporal effects such as satiation arising
from repeated choice of the same good. It could also model theway in which the world
provides rewards to the consumer.

3. A MODEL OF CHOICES

Each choice is assumed to correspond to selecting one good from a basket ofN goods.
TheN -dimensional binary vectorA(t) is defined by6

Ai(t) =

{

1, ith good is consumed,

0, otherwise.

Note that choices are assumed to be mutually exclusive: a single good is consumed during
each time step. The model can also allow consumption of nothing, by including a good in
the basket that represents “consuming nothing” or “stayingat home.”

In general, human choices may have a very complex temporal structure. However,
we will rely on a simple model in which successive choices aredrawn at random from a

4Two further simplifications have been used to make the formalism easy to understand. First, time is modeled
in discrete steps. Second, reward is assumed to depend on choices up toW time steps in the past, but not further.
These simplifications are convenient, but not necessary. Appendix A describes how the model can be generalized
to a Markov decision process, with an underlying state variable that contains information about the past. The state
variable allows reward to depend on choices that were made arbitrarily far in the past. Furthermore, the Markov
decision process can be generalized to continuous time, rather than discrete time.

5An assumption about symmetry of the functionr will be used later to prove one mathematical result (see
Theorem 4), but our other results do not require this assumption.

6“A” is for action, used here as a synonym for choice.
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probability distribution given by the vectorp, i.e.,Pr[Ai(t) = 1] = pi. The probabilities
are nonnegative and satisfy the normalization constraint

(2)
∑

i

pi = 1

This i.i.d. model of choice is admittedly simplistic. However, it should be noted that
standard utility theory is even more simplistic, with no treatment of time whatsoever. The
i.i.d. model is one of the simplest ways of introducing time into a model of consumer
choice.7

We will also assume that the consumer has a budget, and would like to spend money at
the ratem. This is an additional constraint on the consumption rates,

(3)
∑

i

πipi = m

whereπi ≥ 0 is the price of goodi.8

4. MAXIMIZING

The consumer experiences hedonic rewards at autility rate, defined as the time average

u(p) = lim
T→∞

1

T

T
∑

t=1

R(t),

An equivalent definition utilizes an average over the choiceprobability distribution rather
than an average over time,

(4) u(p) = E[R(t)] = E[r(A(t),A(t − 1), . . .A(t − W ))]

Note that the result of this average is independent oft, because the probability distribu-
tion of the random variablesA(t),A(t − 1), . . .A(t − W ) does not depend ont. In later
sections, it will be convenient to define further quantitiesas averages over the choice prob-
ability distribution, but it should be kept in mind that theycan also be defined using time
averages.

Suppose that the consumer’s goal is to maximize the utility rateu(p) with respect top,
subject to the normalization constraint Eq. (2) and the budget constraint Eq. (3). Lagrange
multiplier arguments provide a necessary condition for a utility maximum:9

(5)
∂u

∂pi

= λπi + µ

The Lagrange multipliersλ andµ are chosen so that the two constraints are satisfied. The
necessary condition can be expressed in words through the statement that “differential
utility” is a linear function of price.10

7In the continuous time limit, the i.i.d. model would become aPoisson process model in which the time
intervals between consumption of a particular good are drawn from an exponential distribution.

8In the simulations presented below the price of “stay-at-home” good is zero. However, this is not necessary
for our formalism.

9Strictly speaking, this is only true for the goods with nonzero consumption,pi > 0. The full formalism
requires the Karush-Kuhn-Tucker conditions, as discussedin Appendix B.

10In the standard theory, marginal utility is proportional toprice. Here the extra additive constantµ arises
from the normalization constraint (2). The difference between differential and marginal utility will be discussed
later.
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5. MATCHING

Maximization is a type of behavior that is expected of consumers on the basis of utility
theory. Here we mathematically define another type of behavior calledmatching. There are
two motivations for considering matching. The first is empirical: it appears to describe hu-
man behavior better than maximizing in certain laboratory experiments[8, 9]. The second
is theoretical: matching can be derived mathematically from the assumption that humans
treat future rewards differently from immediate rewards. Both of these motivations will be
discussed later.

To define matching, it is helpful to decompose the utility rate into the sum ofcomponent
utility rates

ui(p) = E[R(t)Ai(t)]

(It is straightforward to proveu =
∑

i ui using the identity
∑

i Ai(t) = 1.) Thecomponent
utility rate ui can be called “the utility derived from goodi”, since it includes only the
rewards that were received at timest when goodi was consumed.11

We define “matching” behavior to be a set of consumption ratessatisfying the condition

(6)
ui

pi

= λπi + µ

In the next section we show that in the case of goods with equalprices, Eq. (6) is reduced
to the original definition of matching. This resembles the necessary condition (5) for max-
imizing, except that the differential utility∂u/∂pi has been replaced by the average utility
per choice of goodi, defined by

(7)
ui

pi

= E[R(t)|Ai(t) = 1]

The right hand side is the expectation ofR(t), conditioned on choosing goodi at timet.
This formula, which relates the component utility rates to conditional expectations, will be
used often below. The matching law can be summarized by the statement that the average
utility is a linear function of price.12

6. EMPIRICAL EVIDENCE FOR MATCHING

For the special case of goods with equal prices, the budget constraint (3) becomes iden-
tical to the normalization constraint (2), and the matchinglaw (6) reduces to

(8)
ui

pi

= const

This is the original form of the matching law, which makes no reference to prices or money.
It was introduced by psychologists to model data from experiments on animals and humans
making repeated choices between alternatives [4]. They used a variety of experimental
paradigms, which differ in how the choices are presented to the subject, and how rewards
are administered.

11Attributing a reward only to the good that was just consumed may seem problematic. Strictly speaking,
reward is also a function of past consumption events (see Eq.1). However, it is psychologically plausible that
consumers make such attributions. For example, introspection tells us that the pleasure of eating an ice cream
cone is attributed to the ice cream cone, and not to the potatochips that were consumed an hour before. Note that
decomposing utility into parts is unconventional. In the standard static theory, all rewards are aggregated into a
single utility function. But in our theory, rewards and choices are events that occur in time, which is why it is
possible to “pigeonhole” each reward to a single good.

12Like Eq. (5) this is only valid for those goods with nonzero consumption rate. The generalization to “cor-
ner” solutions with both zero and nonzero consumption ratesis analogous to the Karush-Kuhn-Tucker conditions,
and given in Appendix B.
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FIGURE 1. Reward schedule based on choice frequency. The blue and
green lines specify the reward obtained from choosing alternatives “1”
and “2” respectively, as functions of the frequencyp̂1 with which “1”
was chosen in the pastW trials. The parameters shown area1 = 0.35,
b1 = 0.05, a2 = 0.8, andb2 = 0.7. Depicted is the case where both
alternatives have “diminishing returns,” i.e., the rewardfrom choosing
an alternative decreases with the frequency of choosing thealternative.
Matching behavior is at the intersection of the blue and green lines. The
dashed green and blue lines are the component utility rates of alternatives
“1” and “2” respectively, obtained when the alternatives are chosen by
tossing a coin with bias(p1, p2) and the red curve is the total utility rate,
the sum of the two component utility rates. Maximizing behavior is at
the peak of the red curve.

Research on the phenomenon of operant matching started around 1960 [10, 4]. In the
1980s, Herrnstein, Prelec, and Vaughan[11] introduced an experimental paradigm that con-
formed to the reward model of Eq. (1). An example reward schedule for repeated choices
between two alternatives is depicted in Figure 1. Dependingon whether the subject chooses
alternative “1” or “2” at timet, the subject receives a reward amount that is given by either
the blue or green line, respectively. The location on the line is determined by the frequency
with which the subject chose “1” over the precedingW time steps (horizontal axis). For in-
stance, suppose that the subject has chosen alternative “1”for 100 percent of the preceding
W trials. If the subject now chooses alternative “1” again, then rewarda1 − b1 is received.
If the subject instead chooses alternative “2”, then rewarda2 is received. Both alternatives
exhibit “diminishing returns”: the more frequently the alternative is chosen, the less reward
it yields when chosen. Figure 1 shows that matching and maximizing are distinct behav-
iors for this reward schedule. However, the difference in choice probability between the
matching and maximizing solutions is not so large, and neither is the difference in utility
rate.

Herrnstein, Prelec, and Vaughan showed how the parameters of the reward schedule can
be changed so that the difference between matching and maximizing becomes very large. If
b2 = −b1 is negative, then Figure 2 results. The slope of the green line is reversed, and the
lines become parallel. The reward for choosing alternative“1” is greater (bya1 − a2 − b1

units) than the reward for choosing alternative “2,” irrespective of choice history. However,
rewards for both choices decline as a linear function of the percent choices of alternative 1,
calculated over the previousW trials. Hence, choosing “1” exclusively yieldsa1−b1 while
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FIGURE 2. Reward schedule with a large separation between matching
and maximizing. As in Figure 1, the blue and green lines are the re-
wards received from choosing alternatives “1” and “2” respectively, as a
function of past frequency of choosing “1.” The parameters are chosen
so that the blue and green lines are parallel, with the blue line always
higher. Maximizing behavior is to choose alternative “2” exclusively,
but matching behavior is to choose alternative “1” exclusively.

choosing “2” exclusively yieldsa2 + b1. Choosing a mixture of both “1” and “2” yields
a total reward that interpolates between these two extremes(red line). Although maximiz-
ing behavior is to choose “1” exclusively, human subjects typically gravitate toward the
corner that minimizes reward rate [8]. In other words, humans tend to generate matching
behavior in this reward schedule, rather than maximizing. Note that here the maximizing
and matching behaviors are on the corners, rather than in theinterior. Revisions of the
conditions (5) and (6) to accommodate corner solutions are given in Appendix B.

Not surprisingly, largerW values push subjects closer to the minimizing corner. How-
ever, even withW = 1, fewer than one-half of the subjects “solve” the problem andavoid
alternative 1. Other procedural details also affect the distribution of choices. For example,
providing a numerical rather than an analogue measure of reward improves performance
[12], while stressing subjects with aversive images duringthe task depresses it[13].13

13Support for the matching law (8) originally came from animalstudies based on choices and rewards oc-
curring in continuous time, rather than discrete time, withconcurrent variable-interval (VI) schedules of rein-
forcement. A VI schedule is programmed like a mailbox, depositing reward according to a response-independent
timer. As with a mailbox, the next response after delivery collects the reward. The reward timer pauses while the
schedule is baited, which creates some positive returns to increased response rate. These returns are vanishingly
small, as the rates of responding are orders of magnitude greater than rates of reward [14]. The concurrent VI-VI
experiment does not sharply distinguish between matching and maximizing, because any distribution of respond-
ing across the two alternatives yields close to the maximum overall reward rate. A better contrast is presented
by concurrent variable-interval variable-ratio (VR) combinations. The VR is a one-armed bandit, rewarding each
response with a fixed probability. On the VI, however, the probability of reward is, to a first approximation,
inversely proportional to choice frequency. Hence, maximization would require steady work on the VR, with
only an occasional check of the VI. However, matching (8) predicts that the subject will keep returning to the VI
until the probability of reward there is reduced to the same level that is set by the VR side. The data present a
somewhat mixed picture. One typically observes matching but with a slight bias toward the VR side, which is in
the direction of maximizing, but the bias is far from what would be needed to maximize. This pattern holds for
both animal [5, 15, 16] and human subjects [17]. Overall, performance falls between matching and maximizing,
but is closer to the matching point.
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FIGURE 3. The matching set is defined as the solutions of Eq. (10).
Shown is the exampleui/(πipi) = (ai − bipi)/πi, for which the graphs
of u1/(π1p1) and u2/(π2p2) are planes, and intersect in a line. The
projection of this line into the(p1, p2) plane is the matching set.

Experiments have also been performed with other reward schedules besides that of Fig-
ure 2, but yielded results that are more equivocal. Egelman et al. used a reward schedule
with a long history dependence (W = 40) and observed a bimodal distribution of choice
frequencies, with some subjects close to matching and others intermediate between match-
ing and maximizing [9]. Herrnstein et al. experimented withshorter and longer history
dependence, and found variable results across subjects[12]. They also often observed be-
haviors that are intermediate between matching and maximizing. It is an interesting open
question whether such experimental results can be explained by the theory to follow.

7. MATCHING AND PRICES

Figures 1 and 2 gave a graphical depiction of the original matching law (8). How does
this change when matching is generalized to incorporate prices, as in Eq. (6)? Suppose that
there exists a “stay at home” alternative “0” with zero immediate reward and zero price, so
thatu0 = 0 andπ0 = 0 by construction. Then Eq. (6) for the “stay at home” alternative
yieldsµ = 0. For all other alternativesi > 0, the matching law Eq. (6) becomes

(9)
1

πi

ui

pi

= λ

In words, the average utility per choice and per dollar is equal for all goods with positive
price.

To consider a specific example, suppose that there are just three alternatives, two with
positive price plus the “stay at home” alternative. Then thematching law takes the form

(10)
1

π1

u1

p1
=

1

π2

u2

p2

The solutions of this equation can be visualized by graphingu1/(π1p1) andu2/(π2p2)
as functions ofp1 andp2. The intersection of these two graphs, when projected into the
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FIGURE 4. Effect of prices on matching behavior. (a) solid lines are
the matching sets, for three prices of alternative “2”: green,π2 = 1; red,
π2 = 1.25; and black,π2 = 2. Dotted lines are budget constraints for
the three prices. Circles are the matching solutions. (b) The dependence
of the matching solution on the price of alternative “2”. Blue, pmatch

1 ;
green,pmatch

2 Reward schedule is as in Figure 1 with a “stay at home”
alternative of zero price and immediate reward.m = 1.

(p1,p2) plane, will be called thematching set. It contains all matching behaviors consistent
with a fixed set of prices and all possible expenditure ratesm. 14 The intersection of the
matching set with the budget constraintπ1p1 + π2p2 = m yields matching solutions for
a particular expenditure rate. These intersections are illustrated in Figure 3 for the special
case whereui/pi is a linear function ofpi for all i.

Changing the price of an alternative has two effects. First,it changes the corresponding
average utility per choice per dollar surface, which causesthe matching set to shift. Second,
it changes the location of the budget constraint. For example, the matching set for three
prices of alternative “2” is presented in Figure 4a (solid lines, green,π2 = 1; red,π2 =
1.25; black, π2 = 2). The increase in the price of “2” shifts the matching set in the
direction of less consumption of “2”. The budget constraintfor the three prices is depicted
here by three dotted lines. The larger the price of good ”2”, the less can be consumed.
The intersections of the solid and dotted lines (circles) are the matching solutions. The
consumption rates of “1” and “2” are graphed as functions ofπ2 in Fig. 4b. For smaller
π2 both rates decrease, i.e. the dominant effect of the price increase is an overall drop in
consumption. For largerπ2, the consumption of “2” goes down while the consumption of
“1” goes up, i.e., the dominant effect is a substitution of “1” for “2”. This suggests that in
a theory of consumption based on matching, changes in demandinvolve both an income
effect and a substitution effect. Both effects are formalized in standard utility theory using
the Slutsky equation.

14It is not the entire(p1, p2) plane that is relevant, but the set of nonnegativep1 andp2 satisfyingp1 +p2 ≤

1. The inequality follows from the fact thatp1 + p2 = 1 − p0 by the normalization constraint, and the ratep0

of “staying at home” is nonnegative.
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8. DIFFERENTIAL UTILITY

We have defined two notions of equilibrium behavior for a consumer: maximizing and
matching. Maximizing is a basic tenet of utility theory, while evidence for matching comes
from certain laboratory experiments. The matching law (6) differs from maximizing (5)
only by the substitution of the average utilityui/pi for the differential utility ∂u/∂pi.
This is a hint that there is some deeper mathematical relationship between the two. To
understand this relationship, it will be helpful to derive aformula for the differential utility
that involves the statistical dependence of rewards on choices.

The differential utility∂u/∂pi was defined by differentiation of the utility rateu(p)
without regard for the normalization constraint

∑

i pi = 1.15 Taking the derivative requires
that the definition of utility rate be extended to all nonnegative vectorsp, not just those
satisfying the normalization constraint. This extension is possible for the definition of
utility rate given in Eq. (4). In the i.i.d. choice model, theprobability of the action

sequencea(t),a(t − 1), . . . ,a(t − W ) is
∏N

i=1 p
P

W

τ=0
ai(t−τ)

i . Therefore the utility rate
takes the explicit form

(11) u(p) =
∑

a(t)

· · ·
∑

a(t−W )

r(a(t),a(t − 1), . . . ,a(t − W ))
N
∏

i=1

p
P

W

τ=0
ai(t−τ)

i

This quantity has an interpretation as an expectation valueonly for normalized probability
vectorsp. However, it is also formally defined for vectors that are notnormalized, so it
can be differentiated to obtain∂u/∂pi. The result of the calculation is given by the follow-
ing theorem, which reveals that the differential utility involves the statistical dependence
between reward and past choices.

Theorem 1. Suppose that rewards are a function of the present action andthe W past
actions, actions are chosen i.i.d. from a probability distributionp, and utility is defined as
in Eq. (11). Then the differential utility is given by the sumof conditional expectations,

(12)
∂u

∂pi

=

W
∑

τ=0

E[R(t)|Ai(t − τ) = 1]

Proof. Applying ∂/∂pi to Eq. (11) creates a factor
∑W

τ=0 ai(t − τ)/pi in the sum, so that

∂u

∂pi

=

W
∑

τ=0

E

[

R(t)
ai(t − τ)

pi

]

This implies (12), sinceE[R(t)|Ai(t − τ) = 1] = E[R(t)Ai(t − τ)]/pi. �

By the theorem, the differential utility is the sum of the conditional expectations
E[R(t)|Ai(t − τ) = 1], which measure the statistical dependency of reward on past
choices. These expectations depend on the time lagτ but not on the absolute timet,
so that

E[R(t)|Ai(t − τ) = 1] = E[R(t + τ)|Ai(t) = 1]

15We use the term “differential utility” rather than “marginal utility”, because∂u/∂pi does not have a direct
economic interpretation. However, the difference of differential utilities ∂u/∂pi − ∂u/∂pj has an economic
interpretation as the sensitivity of the utility rate to infinitesimal substitutions of goodi for goodj. According to
standard utility theory, marginal utility is proportionalto price at the utility maximum. Here differential utility is
a linear function of price. The additive constantµ arises because of the normalization constraint on the rates.
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Therefore Eq. (12) can also be written as

(13)
∂u

∂pi

=

W
∑

τ=0

E[R(t + τ)|Ai(t) = 1]

which involves the statistical dependency of future rewards on the present choice. Com-
paring Eqs. (12) and (13), we see that the differential utility can be written either in terms
of the future or the past: statistical dependence between present reward and past choices,
or between present choice and future rewards.

Substituting Eq. (13) into the necessary condition (5) for utility maximization yields

(14)
W
∑

τ=0

E[R(t + τ)|Ai(t) = 1] = λπi + µ

A similar expression involving past choices can be derived by substituting Eq. (12) into
Eq. (5). Either of these expressions allows the derivation of a sufficient condition for
equivalence of matching and maximizing.

Theorem 2. Suppose thatW = 0 in Eq. (14), i.e., the rewardR(t) depends on the present
choiceA(t) but not past choices. Then matching and maximizing are equivalent.

Proof. If the reward doesn’t depend on past choices, then the conditional expectations
E[R(t + τ)|Ai(t) = 1] for τ > 0 are all equal toE[R(t)]. Since these terms of the sum
(14) don’t depend oni, they can be subsumed in the constantµ. This implies that the
maximizing condition (14) is equivalent to the matching condition (6). �

By this Theorem, matching and maximizing are equivalent forthe multi-armed bandit
(if Eq. 1 is generalized to the case of stochastic reward). This is because the component
utilities are proportional to consumption rates, so that average utility is the same as differ-
ential utility.

9. MATCHIMIZING

According to Eq. (14), a consumer can maximize utility, given knowledge of the rela-
tionship between choices and rewards, as given by the conditional expectationsE[R(t +
τ)|Ai(t) = 1]. For τ = 0, this is the relationship between choice and immediate reward.
For τ > 0, this is the relationship between choice and future rewards. It is plausible that
humans may neglect at least partially the future consequences of choices. Therefore we hy-
pothesize that consumer behavior would be better describedby (14) if τ > 0 were treated
differently fromτ = 0,

(15) E[R(t)|Ai(t) = 1] +

W
∑

τ=1

wτ E[R(t + τ)|Ai(t) = 1] = λπi + µ

The coefficientswτ will collectively be called thetemporal accounting function. We call
this new description of consumer behavior “matchimizing,”for reasons that will be ex-
plained below.
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10. INTERPOLATING BETWEENTWO ENDS OF A SPECTRUM

As an extreme case, suppose that the consumer ignores completely the conditional ex-
pectations at nonzero time lag,wτ = 0 for all τ > 0, Fig. 5a. Then matchimizing reduces
to the conditionE[R(t)|Ai(t) = 1] = λπi + µ, which is equivalent to the matching law
(6) by Eq. (7). On the other hand, if nonzero time lags are considered by the consumer
as equal in importance to zero time lag,wτ = 1 for all τ , Fig. 5b, then matchimizing is
equivalent to the maximizing condition (5).

Therefore, matchimizing includes maximizing and matchingas special cases. Further-
more, matchimizing also includes behaviors that are a hybrid of maximizing and matching,
in a sense that is made precise by the following theorem.

Theorem 3. Suppose thatwτ = α for all τ > 0 with 0 < α < 1, and consider an
arbitrary reward function (1). Then matchimizing (15) is equivalent to the condition

(16) (1 − α)
ui

pi

+ α
∂u

∂pi

= λπi + µ

Proof. Using Eq. (7) and the assumption aboutwτ (Fig. 5c), Eq. (15) becomes

ui

pi

+ α

W
∑

τ=1

E[R(t + τ)|Ai(t) = 1] = λπi + µ

From Eq. (13) and Eq. (7) it follows that

∂u

∂pi

−
ui

pi

=

W
∑

τ=1

E[R(t + τ)|Ai(t) = 1]

Combining these two equations yields Eq. (16). �

As α varies from 0 to 1, matchimizing ranges from matching to maximizing. For in-
termediate values ofα, matchimizing is a hybrid behavior in which a linear interpolation
between average utility and differential utility appears.

The accounting functionwτ treated all nonzero time lagsτ = 1, . . . , W the same way,
but zero time lag differently. This is reminiscent of the “beta-delta” model that has been
proposed for temporal discounting of reward, withδ = 1 [18]. However, a matchimizer is
not the same as a maximizer of temporally discounted reward, as is explained in Appendix
D.

More complicated accounting functions (Fig. 5d) do not generally lead to the simple
linear interpolation form of (16), unless some further assumption can be made about the
structure of the reward function.

Theorem 4. Suppose that the reward function (1) is symmetric under permutations of the
past actionsA(t− 1), . . . ,A(t −W ), and consider an arbitrary accounting functionwτ .
Then matchimizing (15) is equivalent to the linear interpolation form (16), with

α =
1

W

W
∑

t=1

wτ

Proof. Use the fact that the conditional expectationsE[R(t)|Ai(t − τ) = 1] = E[R(t +
τ)|Ai(t) = 1] are equal for allτ = 1, . . . , W , given the assumption of symmetry of the

reward function. Therefore,
∑W

τ=1 wτ E[R(t + τ)|Ai(t) = 1] = α
(

∂u
∂pi

− ui

pi

)

�
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FIGURE 5. Temporal accounting functionwτ for various cases consid-
ered in the text, with the convention thatw0 = 1, and with maximum
time lagW . (a) Matching (b) Maximizing (c) Theorem 3 (d) Theorem 4

11. REINFORCEMENTLEARNING

As defined above in Eqs. (5), (6), and (15), matching, maximizing, and matchimizing
are equilibrium concepts. No account has been given of how a consumer might arrive at
these equilibrium behaviors. Here we turn to an account based on ideas from reinforcement
learning, in which an agent is assumed to learn from the consequences of its actions on
rewards[19, 20, 21]. Reinforcement learning is natural because the equilibrium behaviors
of interest can be written using the conditional expectation E[R(t)|Ai(t − τ) = 1], which
measures the dependence of reward on choices.

In a reinforcement learning model, the consumer is assumed to maintain a set of con-
sumption ratespi. After every reward, the consumer updates the consumption rates. A
desirable property for such an update rule is that it converge to an equilibrium behavior,
such as matching, maximizing, or matchimizing.

The equilibrium concept of matchimizing is more general than the reinforcement learn-
ing model that will follow. It might also be possible to achieve the matchimizing equilib-
rium with other types of learning models besides reinforcement learning [22]. It should be
stressed that reinforcement learning models are just one type of dynamical model compat-
ible with matchimizing.

12. LEARNING MATCHING

We first tackle the issue of a reinforcement learning algorithm for matching. This is the
simplest case, and later will be generalized to matchimizing. Consider the update rules

∆pi(t) = ηp [R(t) (Ai(t) − pi(t)) − λ(t)(πi − c(t))pi(t)](17)

∆λ(t) = ηλ

(

∑

i

πiAi(t) − m

)

(18)
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wherec(t) =
∑

i πipi(t) is the expenditure rate, andηp andηλ are parameters that con-
trol the rate of learning. The first update rule (17) governs the consumption rates. It is
straightforward to show that this rule conserves the normalization constraint

∑

i pi = 1.
The update rule (18) governs the Lagrange multiplierλ.

The update rules (17) and (18) are stochastic, since they contain the random variables
Ai(t). A deterministic approximation to the update rules is obtained by replacing the right
hand sides of (17) and (18) with their expectation values,

∆pi ≈ ηppi (E[R(t)|Ai(t) = 1] − E[R(t)] − λ(πi − c))(19)

∆λ ≈ ηλ(c − m)(20)

This is called themean field approximation. It is often true that a stochastic dynamics
behaves qualitatively the same as its mean field approximation. However, there can some-
times be important differences.

A steady state of the mean field approximation satisfies the budget constraintc = m, as
well as

0 = pi (E[R(t)|Ai(t) = 1] − E[R(t)] − λ(πi − m))

= pi

(

ui

pi

− u − λ(πi − m)

)

for everyi. Thus, the goods with nonzero consumption,pi > 0, obey the matching law
Eq. (6), whereµ = u − λm. Therefore matching is a steady state of the mean field
approximation to the stochastic dynamics (17) and (18). This suggests (but does not prove)
that the stochastic dynamics has a stationary state that is similar to matching.

To investigate this possibility, we have performed numerical simulations of the stochas-
tic learning dynamics of Eqs. (17) and (18). We used a reward schedule like the linear
one discussed in Section 6 and Appendix C, except there is also a third “stay at home”
alternative with zero immediate reward and zero price. The results of these simulations are
illustrated in Fig. 6, where we plot the probability of choosing alternatives “1,” “2,” and
“stay at home” (red, black and blue solid lines respectively). Initially, the probabilities of
the three alternatives are equal, violating the budget constraints. With time, the dynamics
converges to the expected matching behavior with the budgetconstraint satisfied. At time
t = 104, the price of alternative “2” is decreased. This results in increased consumption
of that alternative at the expense of the “stay at home” alternative. In order to estimate the
quality of the mean field approximation, the probabilities of choice, as calculated from Eqs.
(19) and (20) is depicted by the dotted lines. Deviations from the mean field approximation
are expected to increase if the learning rate parameters,ηp andηλ, are increased. Also, if
the simulation is run for very long times, the choice probabilities can become “stuck” at a
“corner” solution at which one alternative is chosen exclusively. This is an absorbing state
for the stochastic dynamics, although it is not a steady state of the mean field approxima-
tion. A detailed comparison of the mean field approximation and the stochastic dynamics
is out of the scope of the present paper, and will be discussedelsewhere.

13. RELATION TO OTHER LEARNING MODELS

The learning update rules (17) and (18) are related to a number of other previous learn-
ing models. If all prices are equal, thenπi = c(t), reducing Eq. (17) to

∆pi = ηpR(t)[Ai(t) − pi(t)]
14
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FIGURE 6. Numerical simulations of the stochastic learning dynamics
of Eqs. (17) and (18) for a reward schedule that is linear in choice fre-
quencies. There are three alternatives: “1” (blue), “2” (green), and “stay
at home” (black) with zero immediate reward and zero price. The dy-
namics converges to the matching law with prices, Eq. (6). Attime
t = 104, the price of alternative “2” is decreased, so its consump-
tion increases. The average utilities wereu1/p1 = 0.35 − 0.05p1 and
u2/p2 = 0.8 − 0.7p2 . The price of alternative “1” wasπ1 = 1.5. The
price of alternative “2” wasπ2 = 2.25 for the first half of the simulation,
andπ2 = 1.25 for the second half. The length of the history depen-
dence wasW = 3. The learning rate parameters wereηp = ηλ = 0.01.
The desired expenditure rate wasm = 1. The initial conditions were
pi = 1/3 andλ = 0.

This model is known as the linear reward-inaction (LR−I ) algorithm to computer scien-
tists [23] and Cross’ learning model to economists [20, 24].The steady state of its mean
field approximation is the original matching law (8) withoutprices. It is similar to the
melioration model of Herrnstein and Prelec [8].

Therefore, Eq. (17) can be viewed as the generalization of theLR−I algorithm to prices.
Prices enter through the second term on the right hand side ofEq. (17). Assuming that
the sign of the Lagrange multiplierλ is positive, this term biases behavior in the direction
of choosing goods with prices that are lower than the averageexpenditurec. This bias is
larger when the value ofλ is larger.

The value ofλ is determined by Eq. (18). According to the mean field approximation
given in the previous section, when the actual expenditurec is larger than the desired
expenditurem, the value ofλ increases to bias the learning towards less expensive goods.
The opposite is true forc < m. Thus Eqs. (17) and (18) allow subjects to learn to match
while also conforming to the budget constraint.

The general idea of a dynamical system for the consumption bundle and the Lagrange
multiplier for the budget constraint was proposed by Arrow and collaborators as a model
for utility maximization by a consumer[25].

14. LEARNING MATCHIMIZING

The learning rules for matching contained the reward and choice at equal times. To
generalize them to matchimizing, the learning rules must contain past choices as well as

15
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FIGURE 7. Learning to matchimize. Numerical simulations of the
probability of choosing alternative “1” in the stochastic learning dynam-
ics of Eq. (21) (solid line), and its mean field approximation, Eq. (22)
(dotted line) for the reward schedule described in Figure (1). γ = 0,
blue;γ = 0.5, green;γ = 0.95, red. The learning rate wasηp = 0.001.
The initial conditions werep1 = 0.5.

the present choice. This is done by defining an “eligibility trace”

Ei(t) = γEi(t − 1) + Ai(t) − pi(t)

which “remembers” previous choices. The update rule for theconsumption rates involves
this eligibility trace,

∆pi(t) = ηp [R(t)Ei(t) − λ(t)(πi − c(t))pi(t)](21)

The update rule forλ remains the same, Eq. (18). The mean field approximation to Eq. 21
is

∆pi ≈ ηppi

(

∞
∑

τ=0

γτ (E[R(t)|Ai(t − τ) = 1] − E[R(t)]) − λ(πi − c)

)

(22)

The steady state of the mean field approximation is matchimizing with an exponential
accounting functionwτ = γτ .

In order to study the validity of the mean field approximationto the stochastic dynam-
ics, we have performed numerical simulations of the stochastic dynamics, Eq. (21) and the
deterministic approximation, Eq. (22). We used the reward schedule of Figure 1, disre-
garding the “stay at home” alternative and assuming that thetwo alternatives have equal
prices (Figure 7). Whenγ = 0 (blue), the matchimizing learning equations are theLR−I

equations, and mean field dynamics (dotted line) converges to the matching solution. When
the learning rateηp is sufficiently small, the deviations of the stochastic dynamics (solid
line) from the deterministic mean field approximation are small. As the value ofγ is in-
creased (green,γ = 0.5; red,γ = 0.95) , the dynamics of the mean field approximation
converges to values that are closer to the maximizing value (dotted lines). Note that the
larger the value ofγ, the larger the deviations of the stochastic dynamics from the mean
field approximation (solid lines). A detailed comparison ofthe mean field approximation
and the stochastic dynamics is out of the scope of the presentpaper, and will be discussed
elsewhere.
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15. DISCUSSION

Equation (16) could be regarded as the central result of thispaper, and is worth repeating
here

(1 − α)
ui

pi

+ α
∂u

∂pi

= λπi + µ

This equation includes both maximizing (α = 1) and matching (α = 0) as special cases.
The equation was derived theoretically by using a model of consumption over time to
write the necessary condition (14) for maximizing behaviorin terms of the conditional
expectation of reward on previous actions. If the necessarycondition is modified so that
future rewards are weighted differently than immediate reward, then the matchimizing
condition (15) results. For two special cases, we proved that matchimizing reduces to the
simple equation above, which involves a linear interpolation between average utility and
differential utility. The interpolation parameterα adjusts the balance of future rewards
and immediate reward in the consumer’s calculations. The linear interpolation form of
matchimizing is potentially useful for reformulating microeconomic theory to account for
deviations from “rational behavior,” with a parameterα that serves as a “rationality index.”

The interpolation form of matchimizing can also be written as

Vi = λπi + µ

where thesubjective valueof goodi is a linear interpolation between average utility and
differential utility,

Vi = (1 − α)
ui

pi

+ α
∂u

∂pi

The marginalist revolution in economics was the intellectual movement that established
the idea that subjective value is proportional to marginal utility. We see here that the
interpolation form of matchimizing can be interpreted as a new theory of subjective value.

To better understand the underpinnings of this new theory, it is helpful to derive a for-
mula for the difference between the differential utility and average utility. The utility rate
u can be written as the sum of components

∑

j uj, or

u =
∑

j

pj

uj

pj

Taking the derivative and applying the product rule yields

(23)
∂u

∂pi

=
ui

pi

+
∑

j

pj

∂

∂pi

(

uj

pj

)

This means that the differential utility is equal to the average utility, plus a term that de-
pends on the change in the average utilities of all the goods.

To interpret the second term, let’s first consider the case ofa single good, and a con-
sumer who habitually purchases it at some ratep. The utility derived from the good is
assumed to be the sum of hedonic rewards over time, as sketched in Fig. 8. If averaged
over a long time period, utility is experienced at a rateu. Over short time periods like the
one shown, temporal structure is evident. Consumption events are separated by time inter-
vals of length1/p. The hedonic reward from one consumption event isu/p, represented
here by the area of the shaded rectangle, which is consistentwith an average utility rate of
u. The sensitivity of the utility rate to small changes in consumption, or differential utility
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FIGURE 8. A temporal stream of hedonic rewards.

as we call it, is equal to the average utility plus a residual term,

(24)
du

dp
=

u

p
+ p

d

dp

(

u

p

)

This is because an increase in the rate of consumption affects the utility rate in two ways.
The primary effect is an increase in the number of units consumed, which leads to the
first term. The secondary effect is a change in the hedonic reward per consumption event,
which gives rise to the second term in the equation. Ifu is linear inp, i.e., if the hedonic
reward per consumption event is independent of consumptionrate, the residual second
term vanishes, and the differential and average utilities are equal. In general, however, one
expects the hedonic reward to be a function ofp. When hedonic reward per consumption
event diminishes with consumption rate, the residual term in the equation above is negative,
which also means that the differential utility is less than the average utility.

The psychological assumption underlying matchimizing is that the first and second
terms of Eq. (24) are quite different in terms of their mentalaccessibility. The ratiou/p
is simply the hedonic reward per consumption event, and is easily accessible, because it
is attached to a single consumption event. In contrast, the second term measures how the
hedonic reward per unit will decrease if the consumption rate changes. To appreciate this
term, a consumer would need to understand exactly the interaction between two consump-
tion events separated in time.

Using Eq. (23), subjective value can be written as

(25) Vi =
ui

pi

+ α
∑

j

pi

∂

∂pi

(

uj

pj

)

The parameterα quantifies how much the consumer can take into account the dependence
of hedonic rewards on consumption rate. Ifα = 1, the consumer behaves rationally ac-
cording to utility theory, in that the subjective value of a good is given by the differential
utility. But α < 1 creates an “internality,” [12], which is to say, an unaccounted causal
relationship between choices and total reward.

The presence of the internality is a necessary but not a sufficient condition for subop-
timal behavior. If the second term in Eq. (25) is the same across all goods, then the first
order conditions for matching and maximizing coincide, andneglecting the second term
has no effect. If, however, the second term varies greatly across goods (and especially if it
changes sign), then matchimizing can lead to grossly suboptimal choices. In particular, it
can promote the worst of all possible choice distributions,as shown by Figure 2.
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APPENDIX A. M ARKOV DECISION PROCESS

In the main text, we introduced the model (1) of history dependent rewards. This model
had the limitation that reward depends on choices up toW time steps in the past, but no fur-
ther. More generally, one can model the rewards as arising from a Markov decision process
(MDP). The state of the MDP at timet is S(t). This state variable contains information
about the past, and allows history-dependence. The actionA(t) controls the probability of
transition from stateS(t) to stateS(t + 1).

· · · → S(t − 1)
A(t−1)
−−−−−→ S(t)

A(t)
−−−→ S(t + 1) → · · ·

The reward received at timet is a function of the state and the action,r(S(t),A(t)), and
is written for short asR(t). The model (1) is a special case of an MDP where the state
variableS(t) consists of theW past choicesA(t − 1), . . . ,A(t − W ).

If the actions of an MDP are chosen i.i.d., it becomes an ordinary Markov process.
Under reasonable assumptions, the probability distribution of S(t) becomes independent
of the initial conditionS(1) ast → ∞. In other words, the Markov process “forgets” its
initial condition, converging to a unique stationary distribution. In that case, the Markov
process is said to beergodic. Using methods described in [19], the mathematical results
derived using the simple model (1) can be generalized to the more complex MDP model
provided that ergodicity can be assumed. This assumption isuseful, because it implies that
time averaging is equivalent to averaging over the stationary distribution.

APPENDIX B. ALLOWING ZERO CONSUMPTIONRATES

In the main text, the necessary condition (5) was for the special case of a utility max-
imum at which all consumption rates are positive. To allow for the case where some
consumption rates are zero, one can use the Karush-Kuhn-Tucker conditions

pi ≥ 0 and
∂u

∂pi

= λπi + µ

or

pi = 0 and
∂u

∂pi

≤ λπi + µ

for all i. In words, the differential utility is linear in price for every good with nonzero
consumption, and less for all goods with zero consumption.

Similarly, one can generalize the matching law to include zero consumption rates.

pi ≥ 0 and
ui

pi

= λπi + µ

or
pi = 0 and

ui

pi

≤ λπi + µ

for all i. The average utility is linear in price for every good with nonzero consumption,
and less for all goods with zero consumption.

APPENDIX C. REWARD SCHEDULE BASED ON PAST CHOICE FREQUENCIES

In the paradigm introduced by Herrnstein, Prelec, and Vaughan [11], reward at timet
is a function of the present choiceA(t), as well as the frequency of choices in the pastW
time steps

p̂i(t) =
1

W

W
∑

τ=1

Ai(t − τ)

19



This reward schedule is a special case of (1), and was later utilized by Montague and
collaborators [9, 26]. In particular, we will consider the case of two alternatives (“1”
and “2”), and a linear function of the choice frequencies,R(t) = A1(t)[a1 − b1p̂1(t)] +
A2(t)[a2 − b2p̂2(t)]. The reward function can also be split into two cases,

R(t) =

{

a1 − b1p̂1, if A1(t) = 1,

a2 − b2p̂2, if A2(t) = 1.

If the subject chooses between alternatives 1 and 2 using i.i.d. draws from the probability
distribution(p1, p2), then the conditional averages of reward are the same linearfunctions
of p1,

E[R(t)|A1(t) = 1] = a1 − b1p1

E[R(t)|A2(t) = 1] = a2 − b2p2

Therefore, this experimental paradigm maps nicely onto ourmathematical formalism,
since the frequencŷp1 and the probabilityp1 become interchangeable. The lines are
graphed in Figure 1, for the case whereb1 > 0 and b2 > 0. The dashed lines in the
Figure are

E[R(t)A1(t)] = p1(a1 − b1p1)

E[R(t)A2(t)] = p2(a2 − b2p2)

The sum of these two quantities is the total utility rate

E[R(t)] = a1p1 + a2p2 − b1p
2
1 − b2p

2
2

drawn in red. The maximum of the total utility rate is attained at

p1,max =
b2 + (a1 − a2)/2

b1 + b2

while the matching point (intersection of the blue and greenlines) is

p1,match =
b2 + a1 − a2

b1 + b2

Matching and maximizing are the same ifa1 = a2, a special case called “matching shoul-
ders,” but generically they are distinct. Some experimentswith human subjects have used
the “matching shoulders” case where matching and maximizing are the same [9, 26].

APPENDIX D. TEMPORALLY DISCOUNTEDREWARD

The temporal accounting functionwτ in Eq. (15) is reminiscent of the temporal discount
function used by economists. The goal of this section is to show that matchimizing can
indeed be formulated in terms of temporally discounted reward, but this doesnot mean
that a matchimizer is a maximizer of temporally discounted reward. If the order of the
expectation and the weighted sum is reversed, the matchimizing condition (15) takes the
form

(26) E[D(t)|Ai(t) = 1] = λπi + µ

where the random variable

(27) D(t) = R(t) +

W
∑

τ=1

wτR(t + τ)
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is thetemporally discounted reward. In economics, it is standard to choose an exponential
discount function,wτ = γτ and allow an infinite time horizonW → ∞. It has also been
proposed that hyperbolic discount functions lead to a better description of human behavior
[18].

Superficially, it seems that temporal discounting should have a strong effect on a utility-
maximizing consumer. But surprisingly, the expectation values of the discounted reward
and the reward are the same, up to a proportionality constant16

E[D(t)] =

(

1 +

W
∑

τ=1

wτ

)

E[R(t)]

This means that maximizing the average of temporally discounted reward is no different
from maximizing the average of reward.

Therefore, a matchimizer is generically distinct from a maximizer of temporally dis-
counted reward. However, matchimizing can be explained as akind of “erroneous” maxi-
mization using the following theorem.

Theorem 5. Suppose that the choiceA(t) is drawn from the probability distributionp,
while all other choices are drawn from the distributionp′. Now define the discounted
utility rate d(p,p′) = Ep,p′ [D(t)]. Then the matchimizing condition (15) is equivalent to

∂d

∂pi

∣

∣

∣

∣

p′=p

= λπi + µ

Proof. By the same arguments as in Theorem 1,

∂d

∂pi

= E

[

D(t)
Ai(t)

pi

]

= E[D(t)|Ai(t) = 1]

Substituting Eq. (27) yields the matchimizing condition (26). �

According to the Theorem, a matchimizer tries to maximize discounted reward with
respect to consumption rates, but only calculates the derivative of the objective function
with respect to the probabilities of the current choice. A matchimizer makes the error of
neglecting the dependence of past and future choices on the probabilities.
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